A manifold M is called scalar curvature almost non-negative if for any constant £ > 0, there is a Riemannian metric g on M such that Sg • diam(M,^) 2 > -e and the sectional curvature Secg < 1, where Sg (resp. diam(M,g)) is the scalar curvature (resp. diameter) of (M,g).
F. FANG (resp. diameter) of (M,g) . Note that almost flat manifolds must be of scalar curvature non-negative.
The main purpose of the present paper is to characterize manifolds with almost non-negative scalar curvature. We will prove that there are indeed nontrivial topological obstructions for manifolds being of scalar curvature almost non-negative. For example, following from our theorem the connected sum, K^S 1 x S 3 , of a i^s-surface with S 1 x S 3 , does not admits metrics of almost non-negative scalar curvature. Let M be Spin manifold. Let 5' + (resp. S~) be the Spinor bundles on M. Let T)+ : r(S' + ) -> r(S'~) denote the«Dirac operator. The Atiyah-Singer index theo-
rem asserts that ind (D^) = A(M) is a Spin cobordism invaraint and defines a ring homomorphism

A:n? pin -+KO-*(pt),
which is non-zero only if the dimension is 0(mod 4) or l,2(mod 8). In particular, if n = 0(mod 4), A(M) = A(M) is the ^4-genus of M. Let M{n,d) denote the set of all closed Riemannian n-manifolds such that the sectional KM < 1, and diamM < d.
A This is maybe interesting by comparing with the amazing discovery of SchoenYau [SY] , that the connected sum of any two n-manifolds (n > 3) with positive scalar curvature admits a metric with positive scalar curvature.
Some remarks on the above results are in order.
REMARK 0.6. The Seiberg-Witten theory [Wi] implies that 4-manifolds with non-trivial Seiberg-Witten invariant do not accept any metric with positive scalar curvature. Furthermore, Witten ([Wi] ) proved that a scalar curvature non-negative 4-manifold with non-trivial Seiberg-Witten invariant is hyper-Kahler, if bj > 2. SeibergWitten theory may be used to study scalar curvature almost non-negative 4-manifolds in the spirit of the presented paper.
REMARK 0.7. Theorem A should be compared with a recent result in [Lot] where sectional curvature is assumed being almost non-negative. REMARK 0.8. Theorem A holds identically, if the upper bound for the sectional curvature is replaced by a upper bound for the Ricci curvature together with a positive lower bound for the conjugate radii. Now let us start to sketch the idea in the proof of Theorem A. Suppose Theorem A is false, then there is a sequence of n-dimensional Spin manifolds (Mi,gi) so that A(Mi) ^ 0, the scalar curvatures Sg i > -1/i, the diameter diam Mi < D and Sec^ < 1 for some positive constant D. By the Gromov precompactness theorem and the Cheeger-Gromov theorem, passing to a subsequence if necessary, we may assume that (M^,^) converges in L 2 ' p -class to a manifold (X,poo) (since Mi are non-collapsing.) Let 0^ G ^{Sf) be a harmonic spinor with unit L 2 -norm. Using the Lichnerowicz formula and the scalar curvature bound we prove that 0^ converges to a parallel harmonic spinor (j)^ with nontrivial norm. Therefore fa is almost parallel for i large, which implies that the Ricci curvature of (Mi,gi) converges in Z, p -class to zero. By regularity of Einstein equation we know that there is a real analytic Ricci flat metric on X. A contradiction. 
Preliminaries.
Then, given any C > 1 and a € (0,1), there is an eo = £o(A, C, n, a) with the following property: given any x € M, there is a harmonic coordinate system U -{^i}™ defined on B(x y €(x)) C M such that if g^ = g{^7ui,Vuj) } then gij(x) = 5ij and
for ally eB(x,e(x)) (resp. /^.J^ llffij IU^p(B(x, g (x)) < C), where
where B{x, r) is the metric ball with radius r, I the identity matrix and inj is the injectivity radius.
b). Compactness theorems THEOREM 1.2 [CG]. Let (Mi,gi) be a sequence of compact Riemannian manifolds whose sectional curvature, diameter, and injectivity radius satisfy
A < Sec.g i < A, diam < rf, Z'M > ^'o?
where the constants are independent of i. Then, replacing Mi by a subsequence if necessary, Mi converges to a metric space X, such that (i) X is a differentiable manifold; (ii) there is a diffeomorphsim fi'.X-^Mi for all sufficiently large i; (Hi) the pullback metrics fi(gi) converges in C
1,a -class to a C 1,a (resp. L 2 ' p ) Riemannian metric g^ in X, for any prescribed real number a G (0,1) (resp. positive integer p > 1).
For the sake of simplicity, in the rest of the paper we fix the real number a G (0,1) (resp. the integer p > n).
For a sequence (Mi,gi) as above, the limit metric g^ is not necessarily C 2 . However, if the ZARicci curvature (for p large) of #00 vanishes identically, then by the elliptic regularity of the Einstein equation one may conclude the smoothness of #00 (indeed real analytic). That is THEOREM 1.3 [AN] . Let (Mi,gi) Next we prove that the limit $ is parallel with respect to the metric g^. By (2.2) (j) is not zero and the desired result follows.
Integrating (2.4.1) we get ^^Jj^+^mL*
9^
Since Si -► 0, the second term
Hence, passing to a subsequence we may assume that 
